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List of symbols
Greek symbols β coefficient of thermal expansion θ dimensionless temperature μ viscosity μ 0 viscosity at temperature T 0 υ kinematic viscosity ρ 0 density of the fluid
Introduction
The natural convection process is present in various physical phenomena such as fire engineering, combustion modeling, nuclear energy, heat exchangers, petroleum reservoir, etc. Ostrach (1952) presented the similarity solution of natural convection along vertical isothermal plate. Gebhart (1962) used perturbation technique to analyze the effect of dissipation. Aung and Worku (1986a, b) discussed the theory of combined free and forced convection in a vertical channel with flow reversal condition for both developing and fully developed flows. A number of researchers studied heat transfer in forced and free convection in a vertical channel in the presence of dissipation with or without heat sources (Bejan, 1984; Arpaci and Larsen, 1984; Barletta, 1998) . Significant efforts have been devoted to this topic due to its practical importance in various engineering systems. A comprehensive review of the literature on this subject can be found in the paper by Aung (1987) . Umavathi et al. (2005 Umavathi et al. ( , 2006 ) studied mixed convection flow in a vertical porous channel. Umavathi and Malashetty (1999) studied Oberbeck convection flow of couple-stress fluid in a vertical channel. Kumar et al. (2010) analyzed fully developed free convective flow of micropolar and viscous fluids in a vertical channel. Chamkha (2000) studied flow of two-immiscible fluids in porous and nonporous channels. Odelu and Naresh Kumar (2014) found the numerical solutions using quasi-linearization method for the unsteady heat and mass transfer of a chemically reacting micropolar fluid in a porous channel with Hall and ion slip currents. Mathematical modeling of oscillatory magneto-convection of a couple-stress biofluid in an inclined rotating channel was studied by Anwar Beg et al. (2012) . Umavathi and Liu (2013) studied magneto-convection in a vertical channel with a heat source or sink. Recently, using the numerical network method, Zueco et al. (2014) analyzed magneto-convection flow over a stretching surface embedded in a Darcian porous medium. Most of the existing studies for the flow through channel are based on the constant physical properties of the fluid. It is worth noting that viscosity of most fluids encountered in the above mentioned applications is strongly dependent on temperature. For example, the fluidity (1/μ) of Poly Alpha-Olefin, PAO, a synthetic lubricant that is used in cooling electronics in radar equipment, changes almost linearly with the temperature (Nield and Kuznetsov, 2003) . Similarly, the viscosity of glycerin has a threefold decrease in magnitude for a 10 o C rise in temperature, while the viscosity of water decreases by 240 percent when the temperature increases from 10 to 50 o C. In a typical operating situation, lubricants can be subject to extreme conditions, such as high temperatures, pressure and shear rate. External heating and high shear rates can lead to high temperatures being generated within the fluid. This may have a significant effect on the fluid properties. It is well known that the most sensitive property to temperature rise is the viscosity, hence, in this paper we focus on the effect of temperature on the fluid viscosity. In particular, the model used is the viscosity variation by Reynolds
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Variable viscosity and thermal conductivity law (Tanner, 1985) , which assumes that the viscosity decreases exponentially with temperature. This is a special case of more general viscosity variation loss (see Yasutomi et al., 1984, for example) . Mehrabian and Khoramabadi (2007) investigated numerically the influence of variable fluid viscosity on the thermal characteristics of plate heat exchangers for counter-flow and steady-state conditions. Natural convection of nanofluids flow with "nanofluid-oriented" models of thermal conductivity and dynamic viscosity in the presence of a heat source was studied by Bourantas et al. (2013) .
Liquid metals have high-thermal conductivity and are used as coolants in addition to it they have high electrical conductivity and hence are susceptible to transverse magnetic field. The Prandtl number of liquid metals is low generally of order 0.01~0.1, e.g. Bismuth (Pr ¼ 0.011), Mercury (Pr ¼ 0.023), PbBi (Pr ¼ 0.18), etc. Kay (1966) reported that thermal conductivity of liquids with low Prandtl number varies linearly with temperature in the range of 0-4001F. Soundalgekar (1976) studied natural convection flow along vertical porous plate with suction and viscous dissipation. Arunachalam and Rajappa (1978) considered forced convection in liquid metals (fluid with low Prandtl number) with variable thermal conductivity in potential flow and derived explicit closed form of analytical solution. Chaim (1998) studied heat transfer in fluid flow of low Prandtl number with variable thermal conductivity, induced due to stretching sheet and compared the numerical results with the results obtained by perturbation technique. In this paper we focus on the effect of temperature on the fluid conductivity.
For the fluids, which are important in the theory of lubrication, the heat generated by the internal friction and the corresponding rise in temperature do affect the viscosity and thermal conductivity of the fluid and they can no longer be regarded as constant. The physical properties of fluids such as viscosity and thermal conductivity may change significantly with temperature (Schlichting, 1979) . The temperature dependent property problem is further complicated by the fact that the properties of different fluids behave differently with temperature. Different relations between the physical properties of fluids and temperature were given by Kays and Crawford (1980) . Ockendon and Ockendon (1977) presented an analysis for suddenly heated or cooled channel flow of a Newtonian fluid with the viscosity either algebraically or exponentially dependent on temperature. Elbashbeshy and Ibrahim (1993) analyzed the flow of viscous incompressible fluids along a heated vertical plate, taking into account the variation of the viscosity and thermal diffusivity with temperature. Mahmoud (2007) studied the flow and heat transfer of an incompressible viscous electrically conducting fluid over a continuously moving vertical infinite plate with uniform suction and heat flux in the presence of radiation taking into account the effects of variable viscosity. From the preceding investigations, it is found that the variation of viscosity and thermal conductivity with temperature is an interesting macroscopic physical phenomenon in fluid mechanics.
Hence, the problem of free convection flow in a vertical plate by taking into account of variable viscosity and thermal conductivity is studied in this paper. It is assumed that the viscosity of the fluid and thermal conductivity of the fluid is an exponential function of the temperature. In the process of solving fluid flow problem, various mathematical tools have been developed and applied among which is the perturbation method and Runge-Kutta method. The non-dimensional governing equations are solved analytically using perturbation method and numerically by Runge-Kutta shooting method (RKSM). The effect of viscosity variation, thermal conductivity variation and the combined effect of viscosity and thermal conductivity variation on the flow variables such as velocity, temperature, shear stress and Nusselt number is studied. The solutions obtained by RKSM is justified by comparing the solutions obtained by perturbation method.
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HFF 26,1 2. Mathematical formulation Consider a steady laminar, fully developed flow of an incompressible viscous fluid between two parallel plates. The distance between the plates is 2b and the origin of co-ordinate axis is located in the mid-plane of the channel. The two plates are kept at two constant temperatures T 1 for the left plate and T 2 for the right plate. The channel is assumed to occupy the region of space −b ⩽ Y ⩽ b. A fluid rises in the channel driven by buoyancy forces. The no-slip boundary condition is imposed on the parallel plates for the velocity, and since the plates are infinite in the X-direction, the physical variables are invariant in these directions and the problem is essentially onedimensional with velocity component U(Y) along the X-axis. The physical properties characterizing the fluid except density, viscosity and thermal conductivity are assumed to be constant. As customary, the Boussinesq approximation and the equation of state:
will be adopted. The flow and heat transfer of viscous fluid is examined considering the following three cases.
In Case 1 we consider only variation of viscosity with constant thermal conductivity, in Case 2 keeping viscosity constant vary the thermal conductivity and in Case 3 we study the combination of both variable viscosity and thermal conductivity (Figure 1 ).
Case 1: effect of variable viscosity
The governing equations of motion for variable viscosity become:
Physical configuration
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Variable viscosity and thermal conductivity where U is the velocity of the fluid, T the temperature of the fluid, ρ 0 the static density, β the coefficient of thermal expansion, g the acceleration due to gravity, μ the viscosity and K 0 the thermal conductivity of the fluid.
The boundary conditions on the velocity and temperature fields are given as:
where b is the characteristic length. The fluid viscosity μ is assumed to vary with temperature (Attia, 2006) :
where the subscript 0 denotes the reference state and a an empirical constant. In Equation (6) the viscosity μ is assumed to depend on temperature exponentially. The parameter a may take positive values for liquids such as water, benzene or crude oil. In some gases like air, helium or methane a may be negative, i.e., the coefficient of viscosity increases with temperature (Sutton and Sherman, 1965; Schlichting, 1968) . This type of model can find applications in many processes where preheating of the fuel is used as a means to enhance heat transfer effects. In addition, for many fluids such as lubricants, polymers and coal slurries where viscous dissipation is substantial, an appropriate constitutive relation where viscosity is a function of temperature should be used.
Equations (2)- (5) determine the velocity and temperature distribution, and they can be written in a dimensionless form by means of the following dimensionless parameters:
Using Equations (6) and (7) the dimensionless governing Equations (2)- (5) reduces to:
and the non-dimensional boundary conditions reduces to:
where b v ¼ aΔT is the variable viscosity parameter, m ¼ T 1 ÀT 2 =DT is the wall temperature ratio and N is the buoyancy parameter. The Equation (6) can be approximated by expanding μ in terms of a truncated Taylor's series about x ¼ 0 and consider only first two terms in the series.
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HFF 26,1 2.2 Case 2: effect of variable conductivity In this case we consider the steady laminar fully developed flow of a viscous fluid (constant viscosity) with variable conductivity and the effect of viscous dissipation. The governing equations of this motion are:
The boundary conditions are same as in Equations (4) and (5). The thermal conductivity of the fluid is assumed as (Attia, 2006) :
The thermal conductivity of the fluid is assumed to vary with temperature as can be seen in Equation (14) where the parameter b may be positive for some fluids such as air or water vapor or negative for others like liquid water or benzene (Schlichting, 1968; White, 1991) . The thermal conductivity changes approximately linearly with temperature in the range from 0 to 400°F (Kay, 1966) . The above governing Equations (12) and (13) are written in dimensionless form by using Equations (7) and (14) as:
The corresponding boundary conditions are same as in Equations (10) and (11) where
ΔT is the variable conductivity parameter.
Case 3: combined effect of variable viscosity and thermal conductivity
The momentum equations governing the motion of an incompressible fluid in the presence of viscous dissipation with the variable viscosity and variable thermal conductivity are given by:
The expressions for viscosity μ and thermal conductivity K are given in Equations (6) and (14).
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Variable viscosity and thermal conductivity
In terms of the non-dimensional variables as in Equation (7), Equations (17) and (18) takes the form:
and the corresponding boundary conditions are given in Equations (10) and (11).
Equations (19) and (20) show that the dimensionless velocity and temperature fields depend on four parameters: the viscosity parameter b v , the conductivity parameter b k , the buoyancy parameter N and the wall temperature ratio m.
Method of solutions
The solutions of the governing equations of motion are found using perturbation method for all the three cases.
3.1 Perturbation method 3.1.1 Case 1: effect of variable viscosity. Equations (8) and (9) are coupled non-linear equations because of variable viscosity and viscous dissipation and it is difficult, in general, to solve analytically. When neglecting the viscous dissipative heating (N ¼ 0), Equations (8) and (9) become linear and solutions can easily be obtained. In many practical applications cited above, N cannot be zero (N ≠ 0), but in many situations it can take small values. For example, for mercury in a channel of half-width 2 cm, and with T 1 −T 0 ¼ 20°C, N takes the value of 0.128. Small values of N (o 1) facilitate finding analytical solutions of Equations (8) and (9) in the form:
where the second and higher order terms on the right-hand side give a correction to θ 0 , u 0 accounting for the dissipative effects. Substituting Equations (21) and (22) into Equations (8)- (11) and equating like powers of N to zero, we obtain. Zeroth order equations:
The corresponding boundary conditions are:
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First order equations:
The solutions of Equations (23) and (24) can be obtained directly and hence, not presented. However, the solutions of Equations (27) and (28) are not found due to the occurrence of very large expressions for the particular integrals.
The results for Case 1 are presented in graphs and tabular form. 3.1.2 Case 2: effect of variable conductivity. The method of solution is similar to the Case 1. Substituting Equations (21) and (22) into Equations (15) and (16) and equating like powers of N to zero, we obtain.
Zeroth order equations using N as the perturbation parameter:
The corresponding boundary conditions are same as in Equations (25) and (26). First order equations using N as the perturbation parameter:
The corresponding boundary conditions are same as in Equations (29) and (30).
Since the Equations (31)-(34) are still coupled and non-linear, we shall further perform a perturbation analysis for the second time to the Equations (31)-(34) considering variable conductivity parameter as a perturbation parameter. The solutions of Equations (31)- (34) are assumed as follows:
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Variable viscosity and thermal conductivity
Using Equations (35)- (38) into Equations (31)- (34) and equating like powers of b k , we obtain the following boundary value problems. Zeroth order equations for θ 0 and u 0 using b k as the perturbation parameter:
First order equations for θ 0 and u 0 using b k as the perturbation parameter:
Zeroth order equations for θ 1 and u 1 using b k as the perturbation parameter:
First order equations for θ 1 and u 1 using b k as the perturbation parameter:
dy 00 dy dy 10 dy þ 2 du 00 dy
The solutions of Equations (39)- (42) using the boundary conditions (47) can be found easily and hence not presented. However, the solutions of Equations (43)- (46) are not found due to the occurrence of very large expressions for the particular integrals. The results for Case 2 are presented in graphs and tabular form. 3.1.3 Case 3: effect of variable viscosity and thermal conductivity. The method of solutions of Equations (19)- (20) is similar to as in Case 2 and we obtain the following equations.
First order equations using N as the perturbation parameter:
Using Equations (35)-(38) into Equations (48)-(51) and equating like powers of b k , we obtain the following boundary value problems. Zeroth order equations for θ 0 and u 0 using b k as the perturbation parameter:
First order equations for θ 0 and u 0 using b k as the perturbation parameter: 
Using the boundary conditions (47), the solutions of Equations (52)- (55) (54)- (55) and the zeroth and first order equations for θ 1 and u 1 using b k as the perturbation parameter, the solutions are not found.
The results for Case 3 are presented in graphs and tabular form.
Numerical solutions
The analytical solutions obtained in the above section are valid for small values of perturbation parameters. Further it is seen in the above section that it is not possible to find solutions of even the first order in all the cases. Hence we resort to solve the governing equations by numerical method using RKSM. The validity of RKSM is justified by comparing the solutions with the results obtained by the perturbation method and the values are displayed in tables. The perturbation method and RKSM solutions agree very well in the absence of perturbation parameter.
Skin friction and Nusselt number
In addition to the velocity and temperature fields, the following physical quantities can be defined. The dimensionless skin friction at each boundary can be defined as:
The dimensionless Nusselt number at each boundary can be defined as follows:
and Nu 2 ¼ dy dy y¼1 (57)
Results and discussion
The problem of flow and heat transfer in a vertical channel with temperature dependent viscosity, temperature dependent thermal conductivity and the combined effect of temperature dependent viscosity and thermal conductivity is analyzed. The governing equations which are highly non-linear and coupled are solved analytically using perturbation method and numerically using RKSM. For temperature dependent viscosity, the buoyancy parameter N is used as the perturbation parameter. The solutions are found up to first order. For temperature dependent thermal conductivity, buoyancy parameter N is used as the first perturbation parameter and the thermal conductivity parameter b k is used as the second perturbation parameter to find the first order solutions. For combined effect the buoyancy parameter N is used as the first perturbation parameter and b k is used as the second perturbation parameter. It is well-known fact that the values for the perturbation parameters should be small. For large values of the perturbation parameter the solutions cannot be used and hence we relax these restrictions by finding the solutions numerically. RKSM is used to find the numerical solutions. The results are drawn and presented graphically for governing parameters such as viscosity variation parameter b v , conductivity variation parameter b k , wall temperature ratio m and buoyancy parameter N. The profiles for the effects of wall temperature ratio m on the flow field for variable viscosity with constant thermal conductivity are displayed in Figures 4-5. As the wall temperature ratio m increases both the velocity and temperature fields are enhanced. It is quite natural that physically increase in m for values of m W 1 means that the wall temperature at the left wall is higher than the wall temperature at the right wall which will enhance the temperature gradient.
The effect of buoyancy parameter N on the flow field is shown in Figures 6-7 for variable viscosity with constant temperature. It is evident from these figures that as the buoyancy parameter N increases the flow is promoted. Since the buoyancy parameter N is the ratio of buoyancy force to the viscosity force, increase in N results in increase of dissipation which increases the temperature and as a result velocity also increases. The effect of N on the flow for constant viscosity and thermal conductivity was the similar result observed by Umavathi (1999) .
The values of skin friction and Nusselt number on the variation of variable viscosity parameter b v , wall temperature ratio m and buoyancy parameter N are tabulated in Table I . One can view that as b v increases skin friction and Nusselt number increases at the left wall (hot wall) and decreases at the right wall. For increase in wall temperature ratio m, skin friction increases at the left wall and decreases at the right wall whereas the Nusselt number decreases at both the walls. The buoyancy parameter N increases the skin friction and Nusselt number at the left wall and decreases at the right wall.
The effect of variable thermal conductivity for constant viscosity shows that as b k increases both the velocity and temperature profiles are suppressed. Here also the profile for constant thermal conductivity (b k ¼ 0) lies below for b k o0 and above for b k W0 (which contradicts for variable viscosity Figures 2-3) . The effect of b k is the similar result observed by Attia (1999) and Palani and Kim (2010) . Keeping the value for b k fixed, the variations of wall temperature ratio m, buoyancy parameter N on the flow was observed to be the similar nature obtained for variable viscosity and hence not shown pictorially. Table II displays the effects of variable thermal conductivity, wall temperature ratio and buoyancy parameter on skin friction and Nusselt number. It is seen that as the variable thermal conductivity parameter b k increases, skin friction and Nusselt number decreases at the left wall and increases at the right wall, which is in contrast with the effects of variable viscosity parameter with constant thermal conductivity. The effect (Table I) .
The combined effects of variable viscosity and variable conductivity on free convection flow in vertical channel including the effect of viscous dissipation are Table I . variable viscosity and thermal conductivity. It is viewed from Tables IV and V that the analytical and numerical solutions are exact for N ¼ 0 and the error increases as buoyancy parameter N increases. The computation to evaluate first order solutions for the combined effect of variable viscosity and thermal conductivity was very tedious and hence Table VI gives the comparison for N ¼ 0 only. Numerical solutions were obtained for the effects of buoyancy parameter N on the flow.
Conclusion
The problem of free convective flow in a vertical channel filled with purely viscous fluid was analyzed for the variation of viscosity (constant thermal conductivity), variation of thermal conductivity (constant viscosity) and for the variation of both viscosity and thermal conductivity on the temperature. The analytical solutions were found by regular perturbation method for small values of perturbation parameter and numerical (1) Increase in the variable viscosity enhances the flow and heat transfer, whereas increase in the variable thermal conductivity suppresses the flow and heat transfer for variable viscosity, variable thermal conductivity and their combined effect.
(2) The wall temperature ratio and buoyancy parameter enhances the flow for variable viscosity, variable thermal conductivity and their combined effect.
(3) The solutions obtained by RKSM and perturbation method are exact in the absence of buoyancy parameter and the error increases as the buoyancy parameter increases. 
